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Analysis of Means in the Case of Nonequivalent Reciprocal 
Crosses in Autogamous Plants 1 

RUSTEM AKSEL 

Depar tment  of Genetics, Universi ty  of Alberta, Edmonton,  Alberta (Canada) 

Summary. The analysis of means dealt with in this paper applies to two homozygous lines of an autogamous plant 
species and to their reciprocal crosses and backcrosses considered jointly. The analysis is based on a set of assumptions 
with respect to the parents, to the expressivity of alleles at differential loci in the crosses when acting in a plasmatype 
different from that of the parent contributing them and to the gene-dosis effects. The observed family means together 
with their expectations, formulated in terms of parameters implied by the assumptions postulated, consitute two inde- 
pendent systems of linear equations. The solution of these systems by means of weighted least squares yields the 
parameter estimates and their standard errors. The adequacy of the genetical model can be tested by chi-square 
method. 

Introduction 

The quant i ta t ive  expressions of character-differen- 
ces between the hybrids from reciprocal crosses have 
been studied in a number  of plants such as Zea mays 
(Richey 1920, St. John 1934, Fleming et al. t960, 
Bhat  and Dhavan  t970), Vicia [aba (Sirks 193t), 
Epilobium (Michaelis 1954), Oryza sativa (Chandra- 
ra tna  and Sakai t960, Sakai et al. t961), Hordeum 
sativum (Ne~as t961, t962, 1963, 1966), Linum usita- 
tissimum (Smith and Fitzsimmons t964, t965; DuI-  
rant  t965, 1973; Tyson 1973) and Nicotiana rustica 
(Jinks, Perkins and Gregory t972). Chandrara tna  
and Sakai (op. cit.) and Sakai et al. (op. cit.) have 
developed a method of biometrical  analysis of matro-  
clinous inheritance. Durrant  (t965) has worked out 
a me thod  of analysis of reciprocal differences in 
diallel crosses. Models of biometrical  analysis for 
reciprocal crosses between inbred lines and for mul- 
tiple crosses, materna l  effects taken into consider- 
ation, were given by  Mather and Jinks (197t). A 
detailed analysis and interpretat ion of differences 
between reciprocal crosses of Nicotiana rustica va- 
rieties was made by  Jinks, Perkins and Gregory (op. 
cit.). The intent  of this paper  is to discuss the genetic 
si tuation in reciprocal crosses and backcrosses of 
autogamous plants when character  differences are 
controlled by  both the genotype and the p lasmatype  
and to explore the possibility of a somewhat different 
and perhaps more detailed approach to their quanti-  
ta t ive  genetic analysis. The analysis presented here 
centers on the parametr ic  composition of the means 
of reciprocal families. With an appropriate  experi- 
mental  design it can be extended to second degree 

1 This topic was presented partially and under a diffe- 
rent form at the 16th Annual Meeting of the Genetics 
Society of Canada at l'Universit6 Laval, Quebec, P. Que- 
bec, Canada. 

statistics calculated from the set of families, and 
possibly to diallel crosses provided tile parents  used 
are inbred lines selected from a cross and its reci- 
procal after  a sufficiently long period of self fertili- 
sation. 

Notation, Assumptions 
and the Formulation of the Expectations 

The nth  (n = t ,  2, ...) filial generation of a cross 
,e tween a female X and a male Y can be denoted 
generally as (XY)F,~, with X and Y writ ten always 
in tha t  order. In the present case X = A, B, (AB), 
(BA) and Y = A , B , ( A B ) ,  (BA), where A and B 
are two homozygous lines of an autogamous plant  
species, and (AB) and (BA) stand for the first 
generation of their reciprocal crosses. 

Let  us postulate:  
Assumption I. The parents A and B differ from 

one another with respect to a quant i ta t ive  character  
both  genotypically and plasmatypical ly.  

Assumption 2. Genotypically the character  is con- 
trolled by  nuclear genes some or all which have 
different effects in different cytoplasms, or plasma- 
types. Such genes are said to be plasmon sensitive, or 
plasma sensitive (Caspari 1948, Michaelis t954, Hage- 
mann 1964, J inks t964). 

Assumption 3. The plasmatype  of the hybrid  is the 
same as tha t  of its female parent  and maintains its 
reaction norm in the subsequent generation~ of auto- 
fertilization (see, e. g. Michaelis, op. cir.). 

Assumption 4. The nuclear genes controlling the 
character are independent in their action, i. e., the 
contribution of a locus to the character-measurement  
is independent of the rest of the genotype. 

Some other assumptions will be postulated in due 
course. 
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A notation similar to that  of von Wettstein (see 
Michaelis, op. cit.) will be used to denote an idiotype, 
viz., I = {~, G}, where ~ and G stand for plasmatype 
and genotype respectively. Both ~ and G may refer 
to one, several, or all the characters with respect to 
which similarities and differences between individuals 
or groups of individuals belonging to tile same spe- 
cies are recordable. In the present case they refer to 
a quanti ta t ive character.  

Let  G(A) and G(B) be the genotypes, and zl(A) and 
z~(B) the plasmatypes of the parents A and B. Since 
A and B are assumed to be homozygous, G(A) and 
G(B) denote their genotypes in both the zygotic and 
the gametic states (Aksel t967). As usual, G(A) and 
G(B) are defined as sets of loci at which A and B 
are assumed to differ with respect to the character 
considered. 

Any X Y  cross implies the union of sets of alleles 
contributed by  the gametes of the two parents. 
Since in this case X = A, B, (AB), (BA) and Y 
= A, B, (AB), (BA), all (XY)  F~ have the same 
nuclear-genetic constitution, viz., G(A) u G(B). If A 
and B differ at N loci and the two alleles controlling 
this difference at the kth locus (k = 1, 2, ..., N) 
are denoted as unit sets {a}k c G(A) and {b}k c G(B) 
then G(A) ---- uk{a}~, G(B) = uk{b}~ andG(A) oG(B) 
= ok{a, b}k. By assumption the offspring has the 
same plasmatype as its female parent. Consequently, 

I ( X Y ) F ,  = {~(X:X = A, B) , o k {a, b}~} (t) 

where X ---- A, B, (AB), (BA) and Y = A, B, (AB), 
(BA), as already given. Expression (t) may refer to 
a single individual or to a group of individuals 
sharing jointly the same u~{a, b}, set of alleles. 

The set of the possible genotypes at the kth locus 
is {a, b}k X {a, b}k : {(aa), (ab), (bb)}~, assuming 
(ab) : (ha). If the probabilities of (aa), (ab) and (bb) 
at the kth locus in a population are p, q and r, 
respectively, such that  0 < p <  ~, 0 < q < t ,  
0 < r < t  a n d p + q + r =  t,  then 

u~{a, b}k : )  ~ '  {p(aa) + q(ab) -]- r(bb)} k 
k 

or, with p, q and r assumed the same for each locus 
involved 

o k {a, b}k - - ) P  if, (aa)~ + q Y~ (ab)k+ r if, (bb)g (2) 

where = )  reads implies or results in. 
By definition, a moment M of order t with respect 

to an arbi t rary origin c is M~ = / ~  [,(x, -- c) t) --  ? / ,  
! 

wherei----  t ,  2 , . . . ,  and t =  t , 2  . . . . .  With g =  t 
and the addition of c to both its sides, this equation 
becomes 

Let  x ~ = x ~ ,  x~=x~b and x ~ = x ~  be the cha- 
racter-measurements of ~ (aa)k, if, (ab)n and ~Y (bb)~, 

respectively, and /1 ~ P, ]3 = q and ]a = r be their 

corresponding relative frequencies. The appropriate 
substitutions in (2) and (3) obtain: 

uk{a, b}~ = )p x a~  + qxab + rxbb 

and 

c + M = c + p(xa~ -- c) + q(x~b -- c) + r(xbb -- c) , 

respectively. Since p + q + r = 1, the right sides 
of these expressions are the same and, therefore, we 
can write : 

uk{a, b}~ = )  c + #(xo~ - c) + q(x~b - c) + 

+ r(xb~ -- c). (4) 

The differences (x~ -- c), (x~b -- c) and (Xbb -- C) 
define the genotypic values of •(aa)k, ff,(ab), and 

Z (bb)k generally. In particular, with c = 0.5(x~ + 
k 

+ Xbb) = m as the common reference and assuming 
x~ ~ Xbb for instance, these genotypic values are 
denoted as --[d], [hi and [d], respectively (see: e. g., 
Mather and Jinks t97t) .  

By assumption ~ ( A ) ~  ~(B) and therefore ex- 
pression (t) refers to two nuclear-genetically the same 
but  plasmatypically different sets of crosses, viz., 
to sets implied by I (XY)F~  --=- {z~(A), u~{a, b}k } and 
I (XY)F~  = {~(B), u~{a, b}k }, where either uk{b}~c 
c uk{a, b}k is sensitive to ~(A) or uk{a}k C uk{a, b}k 
is sensitive to z~(B) or both. Since one can write 
A = P1, P~ and B = P1, P~ such that  A :/: B and 
P1 r P2, in sequel it is sufficient to consider only one 
of the two sets of crosses, the set implied by  {z~(A), 
u k, {a, b}~} for instance. These crosses and the rela- 
tive frequencies of ~ (aa)k, z~ (ab)k and ~ (bb)k 

k k k 

expected in the nth generation of selving are given 
in Table t .  

The set of crosses in Table t implies a system of 
nonhomogeneous linear equations. The number of 
equations in the system is dependent upon the num- 
ber of generations considered for each cross, and their 
parametric constitution is dependent upon the as- 
sumptions postulated in regard to the manifestation 
of the ~(A) -- sensitivity of uk{b}k c {~(A), uk{a, b}~}. 

By definition plasma-sensitive genes are nuclear 
genes which have different effects, or expressivities, 
in different plasmatypes. The allelic set uk{b}k 
occurs in the progeny of the crosses considered in 
both the heterozygous and the homozygous states, 
viz., as ~ (ab)k and ~ (bb)k (see expression (2)) and 

may have been contributed by  an idiotypically 
{z~(A), uk{a, b}k }, {z~(B), u~{a, b}~} or{~(B), uk{b}k } 
parent,  or by  both the parents plasmatypically and/or 
genotypically the same or different. Therefore, va- 
rious assumptions can be postulated with respect to 
the circumstances under which the z~(A) -- sensitivity 
of the set uk{b}k manifests itself in the progeny. 

The plasma-sensitivity of uk{b}k means that  its 
expressivity in ~{(A), ok{a, b}~} is not the same as 

Theoret. Appl. Genetics, VoL 45, No. 3 
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Table t. The crosses implied by {r u,{a, b},} and the relative frequencies p, q and r 
of ,~ (aa), ,~, (ab), and ,~ (bb),, respectively, expected in the nth generation of selfing 

k k 

Crosses p q r 

1. (AA) = self 1 0 
2. (AB)Fn (1/2) (1 -- 1/2n-t) 1/2n-1 
3. [(AB)(BA)]F* (1/2) (1 -- t/2n-1) 1/2"-' 
3. [(AB) A] Vn (1/4) (3 -- t /2"- ')  (1/2) (1/2 n-t) 
5. [A(AB)] F.  (1/4) (3 -- 1/2.-t) (1/2) (1/2 "-t) 
6. [A(BA)]Fn (1/4) (3-- t/2n-~) (1/2)(1/2 n-l) 
7. [(AB)B] F.  (1/4) (1 -- t/2 n-t) (1/2) (1/2 n-t) 

* [(AB) (BA)]Fn corresponds to (AB)Fn+I. 

in {rr(B), oh{a, b}k}; conceivably it is either increased 
or decreased. In the former case the inheritance of 
the character consired will be quasi-patroclinous and 
it/ the latter case quasi-matroclinous. If the change 
of expressivity of uk{b}k C {~r(A), uk{a, b}k} results 
in increments Aih ~ and AEd ] to the measurement of a 
complete heterozygote and of a homozygote of the 
paternal type, then the genotypic values of ~(ab)~ 
and ~(bb)~ become ([h] q- A~k]) and (fl] + Aid]), in 
that  order. We shall assume, as before, that  x~ ~ Xbb. 
The substitution of m, --[d], ([hJ + A~k2) and 
([dJ + A~) in expression (4) for c, (x~ -- c), (x.b -- c) 
and (x~b- c), respectively, obtains the following 
generalized expression for the expected mean, E~, 
of an idiotypically {7r(A), %{a, b}k } cross: 

E ~ ( X Y ) F .  = m -- p[d] + q(Ih] + Arks) + rid] + AEd?) 

or  (~) 

EY~(XY)F~ = m -- (p -- r)[d] + q([h] + A~k~) + rAEa 1 

where the parameters Ih] and A[h] are considered 
jointly because otherwise the system of equations 
implied has no solution. 

Assumption 5. The expressivity of uk{b}k c {a(A), 
%{a, b}k } is affected by 7r(A) when heterozygous 
only. This assumption implies that  in expression (5) 
A[h] v 6 0 but d;d] = 0. Table I shows that  q = t/2 ~-~, 
t/2" and since lim q = 0, the effect of ~(A) on %{b}k, 

like that  of dominance, is expected to vanish when 
the hybrid population considered reaches the state of 
complete homozygosity. 

Assumption 6. The expressivity of ok{b}k C {Tr(A), 
uk{a, b}k } is affected by n(A) in both the hetero- 
zygous and the homozygous states. On this assump- 
tion both /J[~] and z][~] in (5) are expected to be 
different from zero, and since lim r ~ 0 (see table 1) 

n ~ o o  

the effect of ~r(A) on %{b}k is expected to persist 
even when the hybrid population considered becomes 
wholly homozygous. 

The question of interdependence between the 
r of uk{b}k C {~(A), uk{a, b}k } and the 
idiotype of the parent, or parents, contributing it is 

o 
(1/2) (i -- 1/2 "- t  ) 
(1/2) (I -- t/2"-1) 
(t14) (1 -- t/2 n-I) 
(I /4)  (t - 1 / 2 - - , )  
(t/4) (t -- 1/2 n-t) 
(1/4) (3 -- 1/2--t) 

basically the same in the case of both the assumptions 
5 and 6. We shall consider assumption 6 as being 
the more complex one, and restate it specifically for 
different, supposedly possible, situations. 

Assumption 6a. The effect of ~(A) on the expressi- 
vi ty of uk{b}k c {7r(A), uk{a, b}k } depends neither on 
the plasmatype nor the genotype of the parent, or 
parents, contributing it. This assumption implies 
expression (5) with AEk ] v6 0 and AEd ] @ 0 beginning 
with the first filial generation of the crosses in 
question. 

Assumption 6b. The effect of 7r(A) on the expressi- 
vi ty of ok{b}kc {zr(A), uk{a, b}k} depends on the 
plasmatype of the parent contributing it, such that  
when uk{ b}k is contributed by a plasmatypically rr(A) 
parent its expressivity is affected, but when contri- 
buted by a plasmatypically or(B) parent its expressivi- 
ty  is not affected by ~r(A). 

The idiotypically {~(A), uk{a, b}k } crosses listed 
in Table 1 fall into three groups: one group consisting 
of crosses 4 and 5 which obtain uk{ b}k from a plasma- 
typically n(A) parent, viz., from (AB), a second 
group consisting of crosses 2 and 6 which obtain 
oh{ b}k from plasmatypically ~r(B) parents, viz., from 
B and (BA), respectively, and a third group con- 
sisting of crosses 3 and 7 which obtain vk{b}k from 
both the parents plasmatypically different, viz., from 
(A B) and (BA) and from (A B) and (B), respectively. 
Consequently, for the crosses 4 and 5 the situation 
remains the same as by assumption 6a. For crosses 
2 and 6 assumption 6b implies expression (5) with 
A[k] = dial = 0 in F.=I, but A[h~ ~ 0 and A[al :# 0 in 
F.>t  since beginning with the Fn=2 generation the 
allelie set oh{b}k is obtained from parents which by 
assumption 3 are plasmatypically 7~(A). 

The case of crosses 3 and 7 is rather complicated. 
Let {b'}k denote {b}k c %{b}k when uk{b}k is contri- 
buted by B or by (BA), and {b"}k denote {b}k C 
C uk{b}k when uk{b}k is contributed by (AB). In 
other words, the gametic gene-sets produced by 
parents B, (BA) and (AB) are ok{b'}k, %{b"}k and 
uk{a}k. Consequently, the zygotic gene-sets in the 
F 1 generation of the crosses in question will be as 

Theoret. Appl. Genetics, Vol. 45, No. 3 
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follows : 

Cross3 : %{a}, %{a, b'}k, ok{a, b"}k and ok{b', b"} 
(6) 

in equal proportions, and 

Cross 7: %{a, b'}k and %{b', b"} (7) 
in equal proportions. 

By assumption 6b the set uk{b"}k is, but  %{b'}k 
is not affected by n(A). Supposing the gene-set 
uk{b"}kr {n(A), uk{b', b"}k } to be completely do- 
minated by uk{b'}k, the F 1 mean measurements of 
crosses 3 and 7 are expected to be: 

�9 (+) [h] + E~ [(AB) (BA)] F,=, m + 

+ + 
and 

+ + (9) 
Obviouslyl the subsequent selfed generations obtain 

%{b}k from plasmatypically ~(A) parents only. 
Therefore, E2 [(AB) (BA)] F ,>t  = EYc(AB) F(,+t): ~_>~ 
and 

E# E(AB)B] F.>,---- m + (�89 § 

+ (,/2")([hi + z][,])+ ( + )  (3 , /2 ,,-1 ) AE<. (,o) I 

Assumption 6c. The expressivity of %{b}kc 
C {~(A), ok{a, b}k } is affected by 7r(A) when contri- 
buted either by (AB) or (BA) or both and not affected 
when contributed by B. This means that  %{b}k C 
C {7r(A), %{a, b}k } is assumed to manifest its sensiti- 
vi ty  to 7r(A) only after being associated with its allelic 
set %{a}k for one, or at least one, generation. Con- 
sequently, the expected means of crosses 3, 4, 5 and 6 
in Table i will be the same as by assumption 6a, i.e., 
as given by expression (5) with A[h] ~ 0 and Z1[< =/= 0, 
beginning with the first filial generation, whereas for 
crosses 2 and 7 assumption 6c implies expression (5) 
with A[~] = A[~] = 0 in their first filial generation, 
but  with A[< ~ 0 and ZIE< @ 0 in their subsequent 
generations. 

By assumption 6c the gene-set %{b'}k contained 
in the idiotypically {7r(A), ok{b' , b"}k} individuals in 
F~ of cross 7 can not be affected by 7r(A) in the subse- 
quent generations unless the effect of {rr(A), %{b"},} 
on %{b'}~ r {~(A), ok{b, b"}k } is the same as that  of 
{~(A), ok{a}k } ({~(A) ,  %{a, b'}k}, which we shall 
assume not to be the case. Furthermore,  it is likely 
that  the genotypic value of an {~(A), %{b', b"}k } 
idiotype is the same as that  of {~(B), %{b}k}, i.e., 
[d], and persist as such in the subsequent generations 
of selfing. Consequently, 

E~-[(AB) B] F,,>~ = m + ( ~ ) [ d ]  + 

+(t/2'*) ([h.]-F A[~])+ ( 4 )  ( 1 -  1/2 "*-~) A[~]. ( t t)  

Theoret. Appl Genetics, Vol 45, No. 3 

A system of linear equations formulated on the 
basis of any one of the combinations of assumptions 
considered in this paper, can be solved by the method 
of unweighted or weighted least squares. In the lat ter  
case the reciprocals of the squares of standard errors 
of the family means are used as weights. The test of 
the adequacy of the genetic situation postulated is 
based on the assumption that  the weighted sum of 
squares of differences between the expected and the 
observed family means is distributed as a chi-square. 
The number of degrees of freedom for this chi-square 
test is equal to the number of equations in the system 
minus the number of parameters to be fitted to them. 
The same number of degrees of freedom applies when 
testing the significance of the parameter estimates 
(see, e.g., Mather and Jinks ,97t ,  pp. 73--76). With 
two different sets of families, viz., the sets implied 
by {r~(A), ok{a, b}k } and {~(B), %{a; b}k }, two 
systems of linear equations similar or not, depending 
upon the assumptions underlying their formulation, 
are available for calculating the parameter estimates. 
Of these parameters the estimates of m and [d] or of 
m, [d] and [h], as the case may be, are expected to be 
the same for both sets. 

The change in expressivity of %{b}kc {~(A), 
%{a, b},} may result, as already stated, in a quasi- 
matroclinous or a quasi-patroclinous inheritance of 
the character. With a quasi-matroclinous inheritance 
the direction of the effect of this change will be 
toward the measurement-mean of the line used as 
the female parent, viz., toward g'(A) in the present 
case. With a quasipatroclinous inheritance the situa- 
tion will be reversed. I t  is sufficient to discuss only 
the case of quasi-matroclinous inheritance. 

By assumption ~ ( A ) ~  ~(B) and, therefore A[h! 
and A[< must have negative sign. In extreme cases 
the expressivity of %{b}k c {~(A), ok{a, b}k } is either 
affected to the extent  that  it becomes effectively in- 
distinguishable from its allelic set %{a}k, or is not 
affected at all. This means that  in the former case 
([h] -- A[hl) = ([d] -- A[<) = -- [d] and, implicitly, 
A [ < =  ([d] + [h])�9 a n d A [ < =  2Lrdl,j and in the lat ter  
case, trivially, AEh ] = A[< = 0. Consequently we 
can write" 0 < A [ , ] <  [(d] + [h]) and 0 < A [ < <  
< 2[d]. 

On the assumption that  the inheritance of the 
character considered is quasi-matroclinous and that  
~(A) < 2(B), the effect of the substitution of %{b}k 
for both uk{a}k'S in I(A) = {rr(A), %{a}k } is 
2[d] -- AE<. The substitution of %{ b}k for only one of 
the two %{a}k's in I(A) results in a heterozygote and 
the effect of such a substitution is expected to be 
(]/2) (2[d] -- A[<)4- [h] = [d] + [hl -- (,/2) A[aj. 
With reference to m instead of ~(A), the above gene- 
set substitution effects are ( [ d ] -  AEal) and ( [ h ] -  
-- (,/2) AEa]) i.e., the same as the genotypic values of 

(bb)k and ~ (ab)k , respectively, with (, /2)A[< 
substi tuted for A[h] in ([hi -- AEh2). Consequently, in 
the absence of zygosity effect A[hj = (t/2) A[<. 
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The  p a r a m e t e r s  d[h] and AE< refer  to the  effects of 
k = N  

change of express iv i ty  of the entire set u {b}~ c 
k = N  k = l  

C {~(A), o {a ,b}~) .  I t  was  s ta ted ,  however ,  
k = t  

t h a t  the  charac te r  considered is control led genotyp i -  
cal ly b y  nuclear  genes some or all of which have  
different  effects  in different  p l a smo types  (see: as- 
sumpt ion  ~ 2). The a s sumpt ion  t ha t  not  all bu t  only  
some of the  alleles {b}~ c %{b}~, k ---- t ,  2 . . . . .  N,  are 
affected b y  a(A)  means  t h a t  the set G(B)  --=- %{b}k 
is considered to consist  of two disjoint  and exhaus t ive  
subsets  S and  R of which S is affected and R is not  
affected b y  Jr(A). I f  the alleles con ta ined  in S and R 
are denoted  as {b}~ and {b}~, respect ively ,  (i = l, 2, 
.... ha; / ' = 1 , 2  . . . . .  nl; i # /'; n,  + n~ = N )  then  
{~(A), %{a, b}k } = {a(A), [(u,{a, b}~) u ( u d a ,  b}~)]}. 
I f  i t  is a s sumed  t h a t  the  set udb}~ when ac t ing  in 
~z(A) has  express iv i ty  zero, i.e., t h a t  i t  becomes effec- 
t ive ly  undis t inguishable  f rom its allelic set  u d a } i  
then,  g iven ~z(A), the  set %{a ,  b}~ becomes equiva-  
lent  to (uda}~) u ( u d a ,  b}~). Consequent ly ,  

n~ nj 

(u,{a}l) u (u.,{a, b}~) = >  Z (aa)~ + p x~ (aa)~ + 
i = 1  j = l  

nj  n~ 

+ q X (ab)~ + r X (bb)~. (12) 
/ = 1  1"=t 

The average  geno typ ic  values  per  locus for ~ (aa),, 
i = t  

X (aa)i, X (ab)~ and X (bO), are - -  ( l / n  0 X d,, 
=1 i=1 i=1 i=1 

- -  (~/n~) ~ d,, (~/n~) ~ h~ and (t/n~) ~, d~, respect i-  
j=l / = t  i = ~  

re ly .  Obviously ,  - -  (t/n~) ~, d~ = ( - - t )  (l/n~) ~ d~. 
j=l j=l 

I f  it is assumed t h a t  (t/n~) ~ d~ = ( t /n~)x~  d~ = 
i=1 j=~ 

= ( I / N )  [d] and  (lln~) ~ h~ ---- ( l / N )  [h], and  N --  n, 
/=t 

is used for n~ (n~ - -  N --  n~) then  appropr i a t e  subst i -  
tu t ions  in (t 2) ob ta in  : 

E Y , ( X Y )  F ,  --:-- m --  (p - -  r) [d] + q [hi - -  

- -  u { ( I  - -  (p  - -  r )  [d] + q [ h ] }  ( 13 )  

where u = n , l N ,  ( p - - r ) - . O  and q =  t / 2 " - '  for 
t A B )  F .  and [(AB) (BA)] F . ,  and (p - -  r) = + t /2  
and  q = t /2"  for the remain ing  crosses impl ied b y  
( u d a } ) ,  u (u~{a ,  b b )  �9 

The  s y s t e m  of equat ions  der ivable  f rom (13) does 
not  have  a solut ion if only  one and the  same genera-  
t ion of the  crosses involved  is considered.  

The  a s sumpt ion  t h a t  u~{b}~ c {=(A), (u~{a, b}~) u 
u ( u d a ,  b}~)} has express iv i ty  zero implies a quasi-  
mat roc l inous  inher i tance  Wi th  this k ind  of inheri t-  
ance equa t ion  (5) becomes:  

EYc(XY)  F ,  = m --  (p - -  r) [d] + q[h] --  qA[< --  rA[< . 
(t4) 

Assuming  (t3) and  (t4) to per ta in  to the  same 
genera t ion  of the  same cross, the difference be tween  

t h e m  is: 

u {(1 - -  (p - -  r)) [d] + q[h]} - -  (qAE< + r A c <  ) = 0 
0 s )  

and, consequent ly :  

qA[a] + raid] (t6) 
u ( F . )  = (1 - (p  - ~ ) ) [d]  + qEh] " 

Subs t i tu t ion  f rom Table  I for p,  q and r in (t6) 
Obtains : 

u (F . )  = ( I /2 - - ' )  /l~h~ + (1/2) (1 - I/2--1) A~< (t7) 
[d] + 0 / 2 " - ' )  [h] 

for all crosses shown in the  table ,  except  for 
[tAB) B] F . i f  a s sumpt ion  6a  or 6b  and  not  6c apply ,  
in which case 
u ( I ( A B )  Bq F . )  = (1/2.-t)  A~h] + (1/2)(3-- 1/2.- t )  ACa] 

3[d] + 0 /2- -1)  [h] 
(18) 

For  n - - - - I  equat ions  (17) and  (18) obta in  u---- 
. -  A[</([d] + [h]) and  u = (A[,] q- AEa])/(3[d ] + [h]), 
respect ively.  For  b o t h  equat ions  l im u-=--AE</2[d]. 

The  ra t io  u =: A[</2[d] denotes  the  re la t ive  n u m b e r  
of genes which have  comple te ly  lost thei r  express iv i ty  
only if pr ior  to this loss all genes had  equal  effects  or 
if, a t  least,  ( t /n , )  Z d, = ( t /n l )  ~ d j - -  ( I / N )  [d] 
was true.  i=1 i=1 

The  difference be tween  the  u - -  n, + N ra t ios  in 
two different  genera t ions  of the same cross is: 

. ( V . )  --  ~ ( F . )  = 

a(q -- q')[d] AEh] + a(r -- r')[d] A[a] + (q" r -- qr') [h]A[a] 
(a[d])=+ a(q + q') [d][h] + qq'[h] 2 

(t9) 

w h e r e a =  l i f p > r , a = 3 [ 2 i f p ~ r ,  a n d q '  a n d #  
are the  same as q and r wi th  the difference t h a t  t hey  
refer  to the  mth  genera t ion  of the  cross considered 
(m < n, m > t) .  The  subs t i tu t ions  for q, q', r and r '  
in (19) show t h a t  q --  q', r - -  r' and q'r - -  qr' in the  
n u m e r a t o r  are ei ther  mul t ip les  or f ract ions  of 
( 2  n - -  2m)/2 m+n = (2 n-m - -  t ) /2  n - -  Z. Thus,  if p = r 
then  q - - q ' = - - 2 z  and r - - r ' = q ' r - - q r ' = z ;  if 
p > r  then  q - - q ' = - - z ,  r - - r ' =  (1/2) z and 
q ' r - - q r ' =  (t/4) z; and  i f p  < r  then  q - - q ' - - , z ,  
r - -  r '  = (t/2) z and  q'r - -  qr' = (3/4) z when ei ther  
a s sumpt ion  6a  or 6b  applies,  or q'r - -  qr' =-- (t/4) z 
when a s sumpt ion  6c applies.  In  the  denomina to r  
q + q' = (2 n-m + 1)/2 " - t  and  qq' - -  1/2 " + " - 2  if 
p = r, and q q- q' ---- (2 " - ~  + 1)/2" and  qq' ---- t /2  "+~ 
if p @ r. Fo r  two consecut ive  genera t ions  of the  same 
cross m - -  n - -  I and, therefore,  in the  n u m e r a t o r  
z ---- t / 2  ~ and  in the  denomina to r  q + q' - 3/2" and 
aa'--= 1/2 2n-1. Thus,  for example ,  for the m = 
----- (n - Q t h  and  the  n t h  genera t ions  of the  A • B 
cross appropr i a t e  subs t i tu t ions  in (t9) and  s imple 
algebraic  t r ans fo rma t ions  ob ta in :  

([d] + [h]) A[al -- 2[d] A[h] (20) 
~ ( F . )  - .(F._I) = 2-T4~ 6Td] ~ ~-517~Y s[h]~ 

Theoret. Appl .  Genetics, Vol. 45. No. 3 



Rustem Aksel: Analysis of Means in the Case of Nonequivalent Reciprocal Crosses t 01  

which shows that  this difference becomes smaller 
and smaller with each generation of selfing. Obviously 
lim 2~Id] is infinitely large and since the numerator is 
~ o o  
finite and constant lim [u(F~) -- u(F~_~)] -- 0. 

n~oo 
Up to this point the absence of gene-dosis effects 

was tacitly assumed. The expected ratio, or dosis, of 
paternal and maternal alleles in a ~cross is 1:1, 
whereas in a backcross this ratio is e{ther 3 + t or 
t + 3. Conceptually a gene-dosis effect is the effect 
of the dosis of u,{a}~gene-set on the expressivity of 
its allelic set u~{ b}~ and vice versa. Bhat and Dhavan 
(op. cit.) have reported on such effects in plasma- 
typically different maize crosses. 

In the absence of ~(A) effect on the expressivity 
of the paternal set of alleles u~{b}~c u {~z(A), 
u~{ a, b}~} , the comparison 

~(AB) F,  -- (t/2 ") [(2 ~-' -- l) ~(A) + 2~(AB)/;1 + 

+ (2 n- '  -- 1) ~(B)] = 81 (21) 

can be used to detect epistasis. Thus, d~ =# 0 denotes 
the presence of epistasis, and ~ = 0 implies either 
the absence of epistasis or balanced epistatic effects. 
Furthermore, the crosses [(AB)A], [A(AB)] and 
[A (BA)] are the same both plasmatypically and geno- 
typically and, therefore, are expected to have equal 
means. Consequently, in the absence of both the 
plasmatypic and the gene-dosis effects the following 
comparison is also supposed to detect epistasis: 

x ( A B ) F , , - - ( 5  ) {N[(AB)A]Fn_,+ 5[A(AB)]F,~_,+ 

+ ~ [A(BA)] F._~ + 3 N [(AB) B] F~_~} = ~ .  
(22) 

If bl = 0 because there is no epistasis, then d~ # 0 
may be at tr ibuted to differential gene-dosis effects. 
Obviously ~ = 0 may imply either the absence of 
gene-dosis effects or the equality of opposing effects 
of equal doses of u~{a}~ and u~{b}~ allelic sets, i.e., 
balanced gene-dosis effects. The following compari- 
sons show the magnitude of the dosis effects of %{a}~ 
and u~{ b} ~, respectively: 

( 3 )  {~ [(A B) A] F~ + 5 [A (A B)] F,~ + ~ [A (BA)] F.} -- 

(~ )  [~(A) + N(AB)F , ] - "  b(3,+a , (23) 

and 

--(---~) [.~(B)+ ~(BA) F .  = ~(~+3a) 2 [(AB) B] F .  
(24) 

where a and fl in the subscripts of 6 refer to allelic 
sets u~{a}k and u~{b}~, in that  order. If the effects 
of equal doses of uk{a}~ and uk{b}k are of the same 
magnitude then di3~+e) = (--1) 6{~+ae/; otherwise 
6{~+e) ~= (--t)  d(~+~e/- Note that  the comparisons 
(21), (22), (23) and (24) are basically Mather's (1949) 
scaling test formulae. 

The effect of the dosis of paternal set of alleles and 
that  of maternal plasmatype can be in opposition or 
reinforcement, depending upon the inheritance being 
quasi-matroclinous or quasi-patroclinous. Similarly, 
the dosis of maternal set of alleles and the maternal 
plasmatype may have effects either reinforcing or 
opposing one another, or they may act in a manner 
similar to that  of duplicate genes with dominance of 
both. In the latter case they would be expected to 
have equal effects and the parameters A[h] and Aid1 as 
components of means of the backcross families with 
maternal plasmatype would refer either to tile plasma- 
typic or the gene-dosis effect but not to both. 

Tile comparison (24), i.e., di3~-Z/ shows the effect 
of three doses of uk{a}k upon one dosis of its allelic 
set o~{b}k. Since ok{b}~ occurs in both the hetero- 
zygous and the homozygous states 6r247 = b[h], @~. 
In particular when ~(3e+fl) == ( - - 1 )  ~(a+3fl), ( - - t )  d(e§ 
= (--t)  (dEh 1, bed]). Generally, in the equations estima- 
ting the backcross-means the parameters dEh ] and d[dl 
will have their sign determined by the gene-set with 
higher dosis and their coefficients by the frequencies 
with which its allelic set is expected to be in hetero- 
zygous and homozygous states, respectively. 

When the cause of the nonequivalence of reciprocal 
crosses is both plasmatic a n d  nuclear, ~(A) and 
uk{ a}k are either complementary or supplementary in 
their effect upon uk{b}~. If ~(A)-supplements uk{a}~, 
and not vice versa, then the effect of uk{a}~ on the 
expressivity of uk{b}~ is expected to manifest itself 
also in the {~(B), u~{a, b}} families provided that  
u~{a}~ is not sensitive to ~(B). In the absence of 

~(A) to supplement it, the effect of u~{a}~ on u~{b}~ 
in the {~(B), u~{a, b}~} families as compared to its 
effect in the {~(A), ue{a, b}~} families, is expected to 
be less pronounced and, possibly, its manifestation 
delayed for one generation. In the absence of gene- 
dosis effects the parametric formulation of the ex- 
pected means of families implied by {ze(B), o~{a, b}~} 
will be quasi-patroclinous. 

The idiotypically {~(B), ~{a, b}k} crosses are (BA), 
[(BA) A], [B(AB)J, [B(BA)] and [(BA) B]. The first 
three of these crosses obtain their female and male 
gametes from ~(B) and ~(A) parents, respectively, 
whereas the last two obtain them from parents both 
of which have ~(B). If the paternal plasmatype does 
not affect the faculty of uk{a}, to affect the expressi- 
vity of uk{b}k C {~(B), u~{a, b}~}, then A[h] and A[d] 
will be different from zero for all the crosses implied. 
On the contrary, if the necessary condition for 
u~{b}~ c {z(B), uk{a, b}k } to be affected in its ex- 
pressivity by u~{a}~ is that  ue{a}~ has to be contribu- 
ted by a ~(A) male, then the means of families (BA) F,. 
[(BA) A] F .  and [B(AB)] F,, imply A[~] r 0 and 
A[a] =/= 0 and those of [(BA) B] F .  and [B(BA)] .F n 
imply Aft? = Ale] = 0. Consequently, assuming u~{a}~ 
to operate in a manner similar to that  of ~(A) or 
{~(A), u~{a}~} in {~(A), ue{a, b}~} as implied by 
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assumption 6a or 6b, and assuming (9(3~+#/: 
: (--!)6(3~+a/=/= 0, the parametr ic  constitution of 
the estimates of means of the families considered will 
be as follows: 

Eg:(BA) F .  : m + (t/2 " - t )  Ihl --  (1/2 "- t)  A[h] - -  

- -  (1 /2 )  (t  - -  t / 2  "-1) Ale ] , (25 )  

[(BA) A] F n = m --  (t/2) [d] + (t/2") [h] - -  

- -  ( t / 2 " )  /[[h] - -  ( t / 4 )  (t  - -  4 / 2 " - ' )  Acd] - -  

- -  ( t / 2 " )  6[hi - -  ( t i 4 )  (1 - -  i / 2  " - 1 )  6[d] ,  (26 )  

EYe [B(AB)]  F ,  = m + (1/2) Id] + (t/2") [h] - -  

- -  ( t / 2 " )  Zl[k] - -  ( t14 )  (3 - -  1 / 2 " - t )  A[al + 

+ (t/2") 6rh] + (1/4) (1 --  t /2 "-1) 6[a ~ (27) 
a n d  

E~ [(BA) BI Fn = EYe [B(BA)]  F ,  = m + (1/2) Ia] + 

+ (t/2") [hi -t- (t/2") 6[hi + (t14) (1 - -  t /2 "- t )  6[a 1 
(28) 

where, as before, it is assumed tha t  2(A) < 2(B) and, 
implicitly, the allelic sets u~{a}k and u~{b}~ when 
homozygous have genotypic values -- [d] and [d], 
respectively. If the allelic set u~{a}~ in {=(B), 
u~{a, b}x} is supposed to operate in a manner  similar 
to tha t  implied by  assumption 6c for {~(A), u~{a, b}k} 
then the only change is tha t  --  (t/4) (3 --  1/2"-t) A[dj 
in (27) becomes -- (1/4) (1 -- 1/2 "-1) Zl[d] . 

S u m m a r y  o f  t h e  P r o c e d u r e  

1. Compare Fc(AB) F 1 and Y~(AB) F 2 with Yc(BA) F 1 
and ~ ( B A )  F 2, respectively, and ~(AB)  F 3 with 
Yc(BA) Fz if available. If  they are significantly diffe- 
rent from one another and all the differences have 
the same sign, then the reciprocal crosses are not 
equivalent with respect to the character considered. 
In some cases the difference between the reciprocals 
may  appear  beginning with the Fe or the F 3 genera- 
tion (Hiorth, 1963, p. 85). 

2. Use equation (21) on both the reciprocal sets of 
families. When reciprocal differences manifest  them- 
selves beginning with the F 1 generation the nonsig- 
nificance of ~1 for both sets of families denotes the 
absence of epistasis. When reciprocal differences 
manifest  themselves beginning with the F,. genera- 
tion, b 1 # 0 either for one or for both sets of families. 
In the lat ter  case the two $1's will have opposing 
signs. The significance of only one of 6a's most  likely 
implies tha t  only one of the parents contains plasma 
sensitive genes, and the significance of both of them 
means tha t  both  parents contain plasma sensitive 
genes. 

3. When reciprocal differences manifest  themselves 
beginning with Fe and only one of 61's is significantly 
different from zero, use equations (23) and (24) to 
test  for the presence and the magnitude of gene- 
doses effects in the set of families for which bl : 0. 

4. Formulate  in terms of appropriate  parameters  
the expectations of family means for the two sets of 
families. Solve the two systems of linear equations 
thus obtained for the parameter  estimates using, 
preferably, the method of weighted least squares. 
Test  the assumed genetic model for. adequacy (chi- 
square test). Discuss and interpret  the experimental  
results obtained. 

Z u s a m m e n f a s s u n g  

Die in der vorliegenden Arbeit beschriebene Ana- 
lyse der Mittelwerte ist auf zwei reine Linien einer 
autogamen Pflanzenart  und ihre reziproken Kreu- 
zungen und Rtickkreuzungen anwendbar. Die Ana- 
lyse beruht  auf einer Reihe von Annahmen hinsicht- 
lich der Eltern, der Gendosiseffekte und der Expressi- 
vit~it der Allele an den unterschiedlichen Loci, die 
durch die Kreuzung in einen anderen Plasmotyp 
iiberftihrt werden. Die beobachteten Familienmittel  
bilden zusammen mit  den auf Grund der Annahmen 
formulierten Erwar tungsparametern  zwei unabh~in- 
gige lineare Gleichungssysteme. Die Aufl6sung dieser 
Systeme mit  Hilfe der Methode der kleinsten Qua- 
drate fiihrt zu den Parametersch~itzungen und ihren 
Standardfehlern. Die Angemessenheit des geneti- 
schen Modells kann mit  Hilfe der %2-Methode geprtift 
werden. 
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